Linear codes with few weights have applications in consumer electronics, communication, data storage system, secret sharing, authentication codes, association schemes, and strongly regular graphs. This paper first generalizes the method of constructing two-weight and three-weight linear codes of Ding et al. [6] and Zhou et al. [21] to general weakly regular bent functions and determines the weight distributions of these linear codes. It solves the open problem of Ding et al. [6] . Further, this paper constructs new linear codes with two weight or three weight and presents the weight distributions of these codes. They contains some optimal codes meeting certain bound on linear codes. From the point of application, all the linear codes constructed in this paper can be obtained by two functions f (x) = Tr m 1 (x 2 ) and f (x) = Tr m 1 (αx 2 ), where α is a quadratic nonresidue of Fq.
I. INTRODUCTION
Throughout this paper, let p be an odd prime and q = p m , where m is a positive integer. An [n, k, d] code C is a kdimension subspace of F n p with minimum Hamming distance d. Let A i be the number of codewords with Hamming weight i in C. The polynomial 1 + A 1 z + · · · + A n z n is called the weight enumerator of C and (A 1 , · · · , A n ) called the weight distribution of C. The minimum distance d determines the error correcting capability of C. The weight distribution contains important information for estimating the probability of error detection and correction. Hence, the weight distribution attracts much attention in coding theory and much work focus on the determination of the weight distributions of linear codes. Let t be the number of nonzero A i in the weight distribution. Then the code C is called a t-weight code. Linear codes can be applied in consumer electronics, communication and data storage system. Linear codes with few weights are of important in secret sharing [3] , [20] , authentication codes [10] , association schemes [1] and strongly regular graphs [2] .
Let F (x) ∈ F q [x] and f (x) = Tr Note that by the choice of D many linear codes can be constructed [7] , [8] , [9] . Ding et al. [5] , [6] and Zhou et al. [21] constructed some classes of two-weight and three-weight linear codes. Ding et al. [6] presented the weight distribution of C D for the case F (x) = x 2 and proposed an open problem on determining the weight distribution of C D for general planar functions F (x). Zhou et al. [21] gave the weight distribution of C D for quadratic planar functions F (x).
In this paper, we consider linear codes with two weight or three weight from weakly regular bent functions. First, we generalize the method of constructing two-weight and three-weight linear codes of Ding et al. [6] and Zhou et al. [21] to general weakly regular bent functions. The weight distributions of these linear codes are determined by the theory of cyclotomic fields. And we solve the open problem of Ding et al. [6] . Further, by choosing the defining sets different from that of Ding et al. [6] and Zhou et al. [21] , we construct new linear codes with two weight or three weight and present the weight distributions of these codes. The weight distributions of linear codes constructed in this paper are completely determined by the sign of the Walsh transform of weakly regular bent functions. From the point of application, all the linear codes constructed in this paper can be obtained by two functions f (x) = Tr
, where α is a quadratic nonresidue of
This paper is organized as follows: Section 2 introduces cyclotomic fields, weakly regular bent functions and exponential sums. Section 3 generalizes the method of Ding et al. [6] and Zhou et al. [21] to general weakly regular bent functions and determines the weight distributions of these linear codes. Section 4 constructs new classes of two-weight and three-weight linear codes. Section 5 makes a conclusion. 
II. PRELIMINARIES
In this section, we state some basic facts on cyclotomic fields, weakly regular bent functions and exponential sums. These results are used in the rest of the paper for linear codes with few weights. First some notations are given. Let Z be the rational integer ring and Q the rational field. Let η be the quadratic character of
be the primitive p-th root of unity.
A. Cyclotomic field Q(ζ p )
Some results on cyclotomic field Q(ζ p ) [17] are given in the following lemma. Lemma 2.1:
is the primitive p-th root of unity.
(ii) The field extension K/Q is Galois of degree p − 1 and the Galois group Gal(K/Q) = {σ a : a ∈ (Z/pZ) × }, where the automorphism
The dual of a weakly regular bent function is also weakly regular bent and f * * (x) = f (−x). The sign of the Walsh transform of f * is (η(−1)) m ε. Some results on weakly regular bent functions can be found in [11] , [13] , [14] , [15] , [16] , [18] . The construction of bent functions is an interesting and hot research topic. A class of bent functions is derived from planar functions. A function mapping from F q −→ F p is a planar function, if for any a ∈ F ( [12] , where m = 2k, 2 |k, p = 3, and α is a primitive element of F q . The sign of the Walsh transform of f (x) is 1.
, where m = 4k. The sign of the Walsh transform of f (x) is −1. Let RF be a set of p-ary weakly regular bent functions with the following conditions:
There exists an integer h such that (h − 1, p − 1) = 1 and f (ax) = a h f (x) for any a ∈ F × p and x ∈ F q . Note that RF contains almost known weakly regular bent functions. We will discuss properties of functions in RF .
Lemma 2.2:
Proof:
The minimal polynomial of ζ p over Q is 1 + x + · · · + x p−1 = 0. Then we have
where λ ∈ Z. Hence,
Hence,
This can lemma can be found in [19] .
From Lemma 2.2, we have f * (0) = 0. If m is odd, from Lemma 2.3,
Hence, we have
From Lemma 2.2, we also have f * (0) = 0. Hence, this proposition follows.
is also weakly regular bent. From Proposition 2.4, f * (0) = 0. Hence, we just need to prove that f * (x) satisfies condition (ii) in the definition of RF . For ∀a ∈ F × p and β ∈ F q , we have
Remark By Equation (3), if the sign of the Walsh transform of f (x) is ε, then the sign of the Walsh transform of f
C. Exponential sums from weakly regular bent functions
For determining parameters and weight distributions of linear codes from weakly regular bent functions, some results on exponential sums from weakly regular bent functions in RF are given.
Lemma 2.6: Let p be an odd prime and p
From Lemma 2.3, this lemma follows.
Lemma 2.7:
Since the minimal polynomial of ζ p over Q is 1 + x + · · · + x p−1 = 0, we have
And we have
p . Hence, this lemma follows. Lemma 2.8: Let f (x) ∈ RF with the sign ε of the Walsh transform. Then we have (1) If m is even, then
Hence, from Lemma 2.7, the lemma follows.
Proof: 
From Condition (ii) in the definition of RF , we have
From Lemma 2.1, we have
From Lemma 2.1, we have
Hence, this lemma follows. 
(2) If m is odd, then
When m is even, from Lemma 2.9 and lemma 2.10, If f * (β) = 0, then
When m is odd, from Lemma 2.9 and lemma 2.10,
Hence, this lemma follows. Lemma 2.12:
where ε is the sign of the Walsh transform of f (x).
From Lemma 2.3, we have
where
When m is even, from Lemma 2.7, we have N f (sq) = N f (nsq).
Further, we have
When m is odd, from Lemma 2.7, we have
Hence, this lemma follows. Lemma 2.13: Let f (x) ∈ RF and β ∈ F × q . Then
Proof: Let A = y,z∈F
As y runs through
l will run through F ×2 p and every value in F ×2 p is taken twice. Then
Hence, this lemma follows. Lemma 2.14:
From Lemma 2.12, we have
From Equation (4) ,
From Equation (4), we have
When m is odd, from Lemma 2.13, if f * (β) = 0, then
Hence, this lemma follows.
III. THE WEIGHT DISTRIBUTIONS OF LINEAR CODES FROM WEAKLY REGULAR BENT FUNCTIONS
In this section, we generalize the construction method of linear codes with few weights by Ding et al. [5] , [6] to general weakly regular bent functions and determine the weight distributions of the corresponding linear codes.
Let f (x) be a p-ary function mapping from F q to F p . Define Table I . 
Proof: From Lemma 2.7 and Lemma 2.11, this theorem follows. Table II .
Proof: From Lemma 2.7 and Lemma 2.11, this theorem follows. 
Let f (x) ∈ RF . For any a ∈ F × p and x ∈ F q , f (x) = 0 if and only if f (ax) = a h f (x) = 0. Then we can select a subset D f of D f such that a∈F × p aD f is just a partition of D f . Hence, the code C D f can be punctured into a shorter linear codes C D f , whose parameters and the weight distributions are given in the following two corollaries.
Corollary 3.3: Let m be even and f (x) ∈ RF with the sign ε of the Walsh transform. Then C Df is a two-weight linear code with parameters [
, whose weight distribution is listed in Table III . 
Proof: From Theorem 3.1, this corollary follows. Table IV.   TABLE IV  THE 
Proof: From Theorem 3.2, this corollary follows. 
Remark

IV. NEW TWO-WEIGHT AND THREE-WEIGHT LINEAR CODES FROM WEAKLY REGULAR BENT FUNCTIONS
In this section, by choosing defining sets different from that in Section 3, we construct new linear codes with two weight or three weight and determine their weight distributions. Define 
, m] and the same weight distribution in Table V .
Proof: From Lemma 2.7 and Lemma 2.14, this theorem follows.
Example Let p = 3, m = 6, and f (x) = Tr 21 + 90z 24 + 80z 27 , which is verified by the Magma program. This code is almost optimal since the optimal code with length 36 and dimension 5 has minimal weight 22.
Example Let p = 3, m = 5, and f (x) = Tr 
